ABSTRACT: I review recent progress in our understanding of the color superconducting phase of matter above nuclear density, giving particular emphasis to the effort to find observable signatures of the presence of this phase in compact stars.
INTRODUCTION
In the last 30 years, the idea that matter has subnuclear constituents ("quarks") has emerged from the speculative edges of particle physics to become a firmly established physical theory. Quantum Chromodynamics (QCD), the theory of the interaction of quarks via the gluon field, is now one of the pillars of the standard model. In high momentum processes, perturbative QCD has been verified Alford comprehensively. For the spectrum and structural properties of the hadrons, the strongly-coupled intractability of the theory is giving way to the brute-force numerical methods of lattice QCD, and again yields agreement with experiment. Even so, there remain tantalizing questions. As well as predicting the properties and behavior of small numbers of particles, QCD should also be able to tell us about the thermodynamics of matter in the realm of unimaginably high temperatures and densities at which it comes to dominate the physics. However, only in the last few years have these regions begun to be probed experimentally, and our theoretical understanding of them remains elementary.
Progress has been fastest for matter at high temperature and low density. Lattice gauge calculations (1) show that chiral symmetry is restored and deconfinement occurs at a temperature T ∼ 180 MeV.
At high densities, in contrast, lattice methods have so far proved unhelpful. We are still trying to establish the symmetries of the ground state, and find effective theories for its lowest excitations. These questions are of direct physical relevance: an understanding of the symmetry properties of dense matter can be expected to inform our understanding of neutron star astrophysics and perhaps also heavy ion collisions which achieve high baryon densities without reaching very high temperatures.
In this review I will explore the progress that has been made in the last few years in understanding the possible phases of QCD at low temperatures and high densities, and go on to discuss the possible observable signatures in compact stars phenomenology. For alternative explanations and emphasis, I refer the reader to previous review articles on this topic (2).
The Fermi surface and Cooper instability
One of the most striking features of QCD is asymptotic freedom: the force between quarks becomes arbitrarily weak as the characteristic momentum scale of their interaction grows larger. This immediately suggests that at sufficiently high densities and low temperatures, matter will consist of a Fermi sea of essentially free quarks, whose behavior is dominated by the freest of them all: the high-momentum quarks that live at the Fermi surface.
Such a picture is too naive. It was shown by Bardeen, Cooper, and Schrieffer (BCS) (3) that in the presence of attractive interactions a Fermi surface is unstable. If there is any channel in which the quark-quark interaction is attractive, then the true ground state of the system will not be the naked Fermi surface, but rather a complicated coherent state of particle and hole pairs-"Cooper pairs".
This can be seen intuitively as follows. Consider a system of free particles. The Helmholtz free energy is F = E − µN , where E is the total energy of the system, µ is the chemical potential, and N is the number of particles. The Fermi surface is defined by a Fermi energy E F = µ, at which the free energy is minimized, so adding or subtracting a single particle costs zero free energy. Now, suppose a weak attractive interaction is switched on. BCS showed that this leads to a complete rearrangement of the states near the Fermi surface, because it costs no free energy to make a pair of particles (or holes), and the attractive interaction makes it favorable to do so. Many such pairs will therefore be created, in all the modes near the Fermi surface, and these pairs, being bosonic, will form a condensate. The ground state will be a superposition of states with all numbers of pairs, breaking the fermion number symmetry. An arbitrarily weak interaction has lead to spontaneous symmetry breaking.
In condensed matter systems, where the relevant fermions are electrons, the necessary attractive interaction has been hard to find. The dominant interaction between electrons is the repulsive electrostatic force, but in the right kind of crystal there are attractive phonon-mediated interactions that can overcome it. In these materials the BCS mechanism leads to superconductivity, since it causes Cooper pairing of electrons, which breaks the electromagnetic gauge symmetry, giving mass to the photon and producing the Meissner effect (exclusion of magnetic fields from a superconducting region). It is a rare and delicate state, easily disrupted by thermal fluctuations, so superconductivity only survives at low temperatures.
In QCD, by contrast, the dominant gauge-boson-mediated interaction between quarks is itself attractive (4) (5) (6) (7) (8) . The relevant degrees of freedom are those which involve quarks with momenta near the Fermi surface. These interact via gluons, in a manner described by QCD. The quark-quark interaction has two color channels available, the antisymmetric3, and the symmetric 6. It is attractive in the3 A : this can be seen in single-gluon-exchange or by counting of strings.
Since pairs of quarks cannot be color singlets, the resulting condensate will break the local color symmetry SU (3) color . We call this "color superconductivity". Note that the quark pairs play the same role here as the Higgs particle does in the standard model: the color-superconducting phase can be thought of as the Higgsed (as opposed to confined) phase of QCD.
It is important to remember that the breaking of a gauge symmetry cannot be characterized by a gauge-invariant local order parameter which vanishes on one side of a phase boundary. The superconducting phase can be characterized rigorously only by its global symmetries. In electromagnetism there is a non-local order parameter, the mass of the magnetic photons, that corresponds physically to the Meissner effect and distinguishes the free phase from the superconducting one. In QCD there is no free phase: even without pairing the gluons are not states in the spectrum. No order parameter distinguishes the Higgsed phase from a confined phase or a plasma, so we have to look at the global symmetries.
In most of this paper we will take an approach similar to that used in analyzing the symmetry breaking of the standard model, and discuss the phases of dense QCD in terms of a gauge-variant observable, the diquark condensate, which is analogous to the vacuum expectation value (VEV) of the Higgs field. However, this is only a convenience, and we will be careful to label different phases by their unbroken global symmetries, so that they can always be distinguished by gauge-invariant order parameters.
The gap equation
To decide whether or not fermions condense in the ground state, one can explicitly construct a wavefunctional with the appropriate pairing, and use a many-body variational approach. But the field-theoretical approach, though less concrete, is The important quantity is the quark self energy, i.e. the one-particle irreducible (1PI) Green function of two quark fields. Its poles will give the gauge-invariant masses of the quasiquarks, the lowest energy fermionic excitations around the quark Fermi surface. To see if condensation (chiral condensation, flavor-singlet quark pairing, or whatever) occurs in some channel, one writes down a selfconsistency equation, the "gap equation", for a self energy with that structure, and solves it to find the actual self energy (the gap). If it is zero, there is no condensation in that channel. If not, there can be condensation, but it may just be a local minimum of the free energy. There may be other solutions to the gap equation, and the one with the lowest free energy is the true ground state.
There are several possible choices for the interaction to be used in the gap equation. At asymptotically high densities QCD is weakly coupled, so one gluon exchange is appropriate. Such calculations (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) are extremely important, since they demonstrate from first principles that color superconductivity occurs in QCD. However, the density regime of physical interest for neutron stars or heavy ion collisions is up to a few times nuclear density (µ 500 MeV) and weak coupling calculations are unlikely to be trustworthy in that regime. In fact, current weak-coupling calculations cannot be extrapolated below about 10 8 MeV because of gauge dependence arising from the neglect of vertex corrections (19) . There have also been some preliminary investigations of confinement-related physics such as a gluon condensate (20, 21) .
The alternative is to use some phenomenological interaction that can be argued to capture the essential physics of QCD in the regime of interest. The interaction can be normalized to reproduce known low-density physics such as the chiral condensate, and then extrapolated to the desired chemical potential. In twoflavor theories, the instanton vertex is a natural choice (7, 8, 22, 23) , since it is a four-fermion interaction. With more flavors, the one gluon exchange vertex without a gluon propagator (6, 24, 25 ) is more convenient. It has been found that these both give the same results, to within a factor of about 2. This is well within the inherent uncertainties of such phenomenological approaches. In the rest of this paper we will therefore not always be specific about the exact interaction used to obtain a given result. One caveat to bear in mind is that the single-gluon-exchange interaction is symmetric under U (1) A , and so it sees no distinction between condensates of the form qCq and qCγ 5 q . However, once instantons are included the Lorentz scalar qCγ 5 q is favored, (7, 8) so in singlegluon-exchange calculations the parity-violating condensate is usually ignored.
The mean-field approximation to the Schwinger-Dyson equations is shown diagramatically in Figure 1 , relating the full propagator to the self-energy. In the mean-field approximation, only daisy-type diagrams are included in the resummation, vertex corrections are excluded. Algebraically, the equation takes the form
where Σ(k) is the self-energy, M is the full fermion matrix (inverse full propagator), and D(k − q) is the vertex, which in NJL models will be momentumindependent, but in a weak-coupling QCD calculation will include the gluon propagator and couplings. Since we want to study quark-quark condensation, we have to write propagators in a form that allows for this possibility, just as to study chiral symmetry breaking it is necessary to use 4-component Dirac spinors rather than 2-component Weyl spinors, even if there is no mass term in the action. We therefore use Nambu-Gorkov 8-component spinors, Ψ = (ψ,ψ T ), so the self-energy Σ can include a quark-quark pairing term ∆. The fermion matrix M then takes the form
Equations (1) and (2) can be combined to give a self-consistency condition for ∆, the gap equation. If the interaction is a point-like four-fermion NJL interaction then the gap parameter ∆ will be a color-flavor-spin matrix, indepndent of momentum. If the gluon propagator is included, ∆ will be momentum-dependent, complicating the analysis considerably. In NJL models, the simplicity of the model has allowed renormalization group analyses (26, 27) that include a large class of four-fermion interations, and follow their running couplings as modes are integrated out. This confirms that in QCD with two and three massless quarks the most attractive channels for condensation are those corresponding to the "2SC" and "CFL" phases studied below. Calculations using random matrices, which represent very generic systems, also show that diquark condensation is favored at high density (28) .
Following through the analysis outlined above, one typically finds gap equations of the form
where K is the NJL four-fermion coupling. In the limit of small gap, the integral can be evaluated, giving
This shows the non-analytic dependence of the gap on the coupling K. Condensation is a nonpertubative effect that cannot be seen to any order in perturbation theory. The reason it can be seen in the diagrammatic Schwinger-Dyson approach is that there is an additional ingredient: an ansatz for the form of the self energy. This corresponds to guessing the from of the ground state wavefunction in a many-body variational approach. All solutions to gap equations therefore represent possible stable ground states, but to find the favored ground state their free energies must be compared, and even then one can never be sure that the true ground state has been found, since there is always the possibility that there is another vacuum that solves its own gap equation and has an even lower free energy.
In weak-coupling QCD calculations, where the full single-gluon-exchange vertex complete with gluon propagator is used, the gap equation takes the form (4, 5, 9, 13)
or, making the weak-coupling expansion in the QCD gauge coupling g more explicit,
This gap equation has two interesting features. Firstly, it does not correspond to what you would naively expect from the NJL model of single gluon exchange, in which the gluon propagator is discarded and
The reason (5, 9) is that at high density the gluon propagator has an infrared divergence at very small angle scattering, since magnetic gluons are only Landau damped, not screened. This divergence is regulated by the gap itself, weakening its dependence on the coupling. Secondly, in (5) we have left unspecified the energy scale at which the coupling g is to be evaluated. Natural guesses would be µ or ∆. If we use g(µ) and assume it runs according to the one-loop formula 1/g 2 ∼ ln µ then the exponential factor in (5) gives very weak suppression, and is in fact overwhelmed by the initial factor µ, so that the gap rises without limit at asymptotically high density, although ∆/µ shrinks to zero so that weak-coupling methods are still self-consistent. This means that color superconductivity will inevitably dominate the physics at high enough densities.
TWO MASSLESS QUARK FLAVORS
In the real world there are two light quark flavors, the up (u) and down (d), with masses 10 MeV, and a medium-weight flavor, the strange (s) quark, with mass ∼ 100 MeV. A first approximation is to ignore the strange, and set m u,d = 0.
The gap equation for this scenario has been solved using various interactions: pointlike four-fermion interactions based on the instanton vertex (4, 7, 8, 22) , a full instanton vertex including all the form factors (23) , and a weakly coupled gluon propagator (10, 11, (13) (14) (15) (16) . All agree that the quarks prefer to pair in the 
(color indices α, β run from 1 to 3, flavor indices i, j run from 1 to 2). The four-fermion interaction calculations also agree on the magnitude of ∆: around 100 MeV. This is found to be roughly independent of the cutoff, although the chemical potential at which it is attained is not. Such calculations are based on calibrating the coupling to give a chiral condensate of around 400 MeV at zero density, and turning µ up to look for the maximum gap. As with any spontaneous symmetry breaking, one of the degenerate ground states is arbitrarily selected. In this case, quarks of the first two colors (red and green) participate in pairing, while the third color (blue) does not. The ground state is invariant under an SU (2) subgroup of the color rotations that mixes red and green, but the blue quarks are singled out as different. The pattern of symmetry breaking is therefore (with gauge symmetries in square brackets)
The expected phase diagram in the µ-T plane is shown in Figure 2 . The features of this pattern of condensation are
• The color gauge group is broken down to SU (2), so five of the gluons will become massive, with masses of order the gap (since the coupling is of order 1). The remaining three gluons are associated with an unbroken SU (2) red-green gauge symmetry, whose confinement distance scale rises exponentially with density (29) .
• The red and green quark modes acquire a gap ∆, which is the mass of the physical excitations around the Fermi surface (quasiquarks). There is no gap for the blue quarks in this ansatz, and it is an interesting question whether they find some other channel in which to pair. The available attractive channels appear to be weak so the gap will be much smaller, perhaps in the keV range (7, 30) . It has even been suggested that 'tHooft anomaly matching may prevent any condensation (31, 32) .
• Electromagnetism is broken, but this does not mean that the 2SC phase is an electromagnetic as well as a color superconductor. Just as in the standard model the Higgs VEV leaves unbroken a linear combination Q of the weak W 3 and hypercharge Y bosons, so here a linear combinatioñ Q of the eighth gluon T 8 and the electric charge Q is left unbroken. This plays the role of a "rotated" electromagnetism. We will discuss some of its physical effects in a later section.
• No global symmetries are broken (although additional condensates that break chirality have been suggested (33)) so the 2SC phase has the same symmetries as the quark-gluon plasma (QGP), so there need not be any phase transition between them. Again, this is in close analogy to the physics of the standard model, where the Higgs VEV breaks no global symmetries: the phase transition line between the unbroken and broken phases ends at some critical Higgs mass, and the two regimes are analytically connected. The reader may wonder why one cannot construct an order parameter to distinguish the 2SC phase using the fact that the quark pair condensate blatantly breaks baryon number, which is a global symmetry. However, in the two flavor case baryon number is a linear combination of electric charge and isospin, B = 2Q − 2I 3 , so baryon number is already included in the symmetry groups of Eq. (8) . Just as an admixture of gluon and photon survives unbroken as a rotated electromagnetism, so an admixture of B and T 8 survives unbroken as a rotated baryon number.
THREE MASSLESS QUARK FLAVORS
In QCD with three flavors of massless quarks the Cooper pairs cannot be flavor singlets, and both color and flavor symmetries are necessarily broken (25) (see also (34) for zero density). The gap equation has been solved for pointlike 4-fermion interactions with the index structure of single gluon exchange (25, 35, 36) as well as a weakly coupled gluon propagator (17, 18) . They agree that the attractive channel exhibits a pattern called color-flavor locking (CFL), The term multiplied by κ corresponds to pairing in the (6 S , 6 S ). It turns out that this additional condensate, although not highly favored energetically (the color 6 S is not attractive in single gluon exchange, instanton vertex, or strong coupling) breaks no additional symmetries and so κ is in general small but not zero (25, 37) . A weak-coupling calculation (17) shows that κ is suppresed by one power of the coupling, κ = g √ 2 log(2)/(36π). The second line of Eq. (9) exhibits the color-flavor locking property of this ground state. The Kronecker deltas dot color indices with flavor indices, so that the VEV is not invariant under color rotations, nor under flavor rotations, but only under simultaneous, equal and opposite, color and flavor rotations. Since color is only a vector symmetry, this VEV is only invariant under vector flavor rotations, and breaks chiral symmetry.
The pattern of symmetry breaking is therefore
The expected phase diagram in the µ-T plane is shown in Figure 3 . The features of this pattern of condensation are
• The color gauge group is completely broken. All eight gluons become massive. This ensures that there are no infrared divergences associated with gluon propagators.
• All the quark modes are gapped. The nine quasiquarks (three colors times three flavors) fall into an 8 ⊕ 1 of the unbroken global SU (3), so there are two gap parameters. The singlet has a larger gap than the octet.
• Electromagnetism is no longer a separate symmetry, but corresponds to gauging one of the flavor generators. A rotated electromagnetism ("Q") survives unbroken. Just as in the 2SC case it is a combination of the original photon and one of the gluons, although the relative coefficients are different.
• Two global symmetries are broken, the chiral symmetry and baryon number, so there are two gauge-invariant order parameters that distinguish the CFL phase from the QGP, and corresponding Goldstone bosons which are long-wavelength disturbances of the order parameter. The order parameter for the chiral symmetry is ψ L γ µ λ A ψ LψR γ µ λ A ψ R where λ A are the flavor generators (17) (which only gets a vacuum expectation value beyond the mean field approximation). The chiral Goldstone bosons form a pseudoscalar octet, like the zero-density SU (3) flavor pion octet. The breaking of the baryon number symmetry has order parameter udsuds = ΛΛ , and a singlet scalar Goldstone boson which makes the CFL phase a superfluid. If a quark mass were introduced then it would explicitly break the chiral symmetry and give a mass to the chiral Goldstone octet, but the CFL phase would still be a superfluid, distinguished by its baryon number breaking.
• Quark-hadron continuity. It is striking that the symmetries of the 3-flavor CFL phase are the same as those one might expect for 3-flavor hypernuclear matter (35) . In hypernuclear matter one would expect the hyperons to pair in an SU (3) flavor singlet ( ΛΛ , ΣΣ , N Ξ ), breaking baryon number but leaving flavor and electromagnetism unbroken. Chiral symmetry would be broken by the chiral condensate. This means that one might be able to follow the spectrum continuously from hypernuclear matter to the CFL phase of quark matter-there need be no phase transition. The pions would evolve into the pseudoscalar octet mentioned above. The vector mesons would evolve into the massive gauge bosons. This will be discussed in more detail below for the 2+1 flavor case.
We can now draw a hypothetical phase diagram for 3-flavor QCD (Figure 3 ). Comparing with the 2-flavor case, we see that the 2SC quark-paired phase is easy to distinguish from nuclear matter, since it has restored chiral symmetry, but hard to distinguish from the QGP. The CFL phase is easy to distinguish from the QGP, but hard to distinguish from hypernuclear matter.
We conclude that dense quark matter has rather different global symmetries for m s = 0 than for m s = ∞. Since the real world has a strange quark of middling mass, it is very interesting to see what happens as one interpolates between these extremes. 
TWO MASSLESS + ONE MASSIVE QUARK FLAVORS
A nonzero strange quark mass explicitly breaks the flavor
If the strange quark is heavy enough then it will decouple, and 2SC pairing will occur. For a sufficiently small strange quark mass we expect a reduced form of color-flavor locking in which an SU (2) subgroup of SU (3) color locks to isospin, causing chiral symmetry breaking and Alford leaving a global SU (2) color+V group unbroken.
As m s is increased from zero to infinity, there has to be some critical value at which the strange quark decouples, color and flavor rotations are unlocked, and the full SU (2) L × SU (2) R symmetry is restored. It can be argued on general grounds (see below) that a simple unlocking phase transition must be first order, although there are strong indications that there is a crystalline intermediate phase (see Section 5) .
An analysis of the unlocking transition, using a NJL model with interaction based on single-gluon exchange (35, 38) confirms this expectation. Although the quantitative results from NJL models can only be regarded as rough approximations, it is interesting that the calculations indicate that for realistic values of the strange quark mass chiral symmetry breaking may be present for densities all the way down to those characteristic of baryonic matter. This raises the possibility that quark matter and baryonic matter may be continuously connected in nature, as Schäfer and Wilczek have conjectured for QCD with three massless quarks (35) . The gaps due to pairing at the quark Fermi surfaces map onto gaps due to pairing at the baryon Fermi surfaces in superfluid baryonic matter consisting of nucleons, Λ's, Σ's, and Ξ's (see below).
Based on the NJL calculations, the zero-temperature phase diagram as a function of chemical potential and strange quark mass has been conjectured (38) to be as shown in Figure 4 . Electromagnetism was ignored in this calculation, and it was assumed that wherever a baryon Fermi surface is present, baryons always pair at zero temperature. To simplify our analysis, we assume that baryons always pair in channels which preserve rotational invariance, breaking internal symmetries such as isospin if necessary. So the real phase diagram may well be even more complicated.
We characterize the phases using the SU (2) L × SU (2) R flavor rotations of the light quarks, and the U (1) S rotations of the strange quarks. The U (1) B symmetry associated with baryon number is a combination of U (1) S , a U (1) subgroup of isospin, and the gauged U (1) EM of electromagnetism. Therefore, in our analysis of the global symmetries, once we have analyzed isospin and strangeness, considering baryon number adds nothing new.
Description of the phase diagram
To explain Figure 4 , we follow the phases that occur from low to high density, first for large m s , then small m s .
Heavy strange quark
For µ = 0 the density is zero; isospin and strangeness are unbroken; Lorentz symmetry is unbroken; chiral symmetry is broken. Above a first order transition (39) at an onset chemical potential µ o ∼ 300 MeV, one finds nuclear matter. Lorentz symmetry is broken, leaving only rotational symmetry manifest. Chiral symmetry is broken, though perhaps with a reduced chiral condensate. We expect an instability of the nucleon Fermi surfaces to lead to Cooper pairing, and assume that, as is observed in nuclei, the pairing is pp and nn, breaking isospin (and perhaps also rotational invariance). Since there are no strange baryons present, U (1) S is unbroken. When µ is increased above µ V , we find the "2SC" phase of color-superconducting matter consisting of up and down quarks only, paired in Lorentz singlet isosinglet channels. The full flavor symmetry SU (2) L × SU (2) R is restored. The phase transition at µ V is first order according to NJL models with low cutoff (22, 23, 40, 41) and random matrix models (42) as the chiral condensate competes with the superconducting condensate.
When µ exceeds the constituent strange quark mass M s (µ), a strange quark Fermi surface forms, with a Fermi momentum far below that for the light quarks. The strange quarks pair with each other, in a color-spin locked phase (43) that we call "2SC+s". Strangeness is now broken, but the ss condensate is expected to be small (43) .
Finally, when the chemical potential is high enough that the Fermi momenta for the strange and light quarks become comparable, we cross into the colorflavor locked (CFL) phase. There is an unbroken global symmetry constructed by locking the SU (2) V isospin rotations and an SU (2) subgroup of color. Chiral symmetry is once again broken.
Light strange quark
Below µ o , we have the vacuum, as before. At µ o , one enters the nuclear matter phase, with the familiar nn and pp pairing at the neutron and proton Fermi surfaces breaking isospin.
At a somewhat larger chemical potential, strangeness is broken, first perhaps by kaon condensation (44) (45) (46) or by the appearance and Cooper pairing of strange baryons, Λ and Σ, and then Ξ, which pair with themselves in spin singlets. This phase is labelled "strange hadronic" in Figure 4 . The global symmetries SU (2) L × SU (2) R and U (1) S are all broken.
We can imagine two possibilities for what happens next as µ increases further, and we enter the pink region of the figure. (1) Deconfinement: the baryonic Fermi surface is replaced by u, d, s quark Fermi surfaces, which are unstable against pairing, and we enter the CFL phase, described above. Isospin is locked to color and SU (2) color+V is restored, but chiral symmetry remains broken. (2) No deconfinement: the Fermi momenta of all of the octet baryons are now similar enough that pairing between baryons with differing strangeness becomes possible. At this point, isospin is restored: the baryons pair in rotationally invariant isosinglets (pΞ − , nΞ 0 , Σ + Σ − , Σ 0 Σ 0 , ΛΛ). The interesting point is that scenario (1) and scenario (2) are indistinguishable. Both look like the "CFL" phase of the figure: U (1) S and chirality are broken, and there is an unbroken vector SU (2). This is the "continuity of quark and hadron matter" described by Schäfer and Wilczek (35) . We conclude that for low enough strange quark mass, m s < m cont s , there may be a region where sufficiently dense baryonic matter has the same symmetries as quark matter, and there need not be any phase transition between them.
Color-flavor locking will always occur for sufficiently large chemical potential, for any nonzero, finite m s . This follows from Son's model-independent analysis valid at very high densities. 
Finally, it is interesting to ask what we expect at non-zero temperature. There has been no comprehensive NJL study of this, but one can make the reasonable guess that quark pairing with a gap ∆ at T = 0 will disappear in a phase transition at T c ≈ 0.6∆. This is the BCS result, which is also found to hold for quark pairing (12, 13) .
Assuming the zero-temperature phase structure given in Figure 4 , we can guess that the non-zero temperature µ-T phase diagram for strange quark masses varying from infinity to zero will be as shown in the diagrams of Figure 5 . These are assembled into a single three-dimensional diagram in Figure 6 , where for clarity only the chiral phase transition surface is shown: the thick red line is tricritical, and the red shaded region that it bounds is second-order.
The main features of the phase diagram are as follows.
• The second-order chiral phase transition (dashed line) that is present at low density and high temperature shrinks as the strange quark becomes lighter, until at m s = m * s the tricritical point arrives at T = 0. At lower masses, there is no second-order line.
• The strangeness-breaking line (green) and the high-density chiral symmetry breaking line (red) do not exactly coincide because at low enough temperature there is a window of densities where strange quarks are present, but their Fermi momentum is too low to allow them to pair with the light quarks. This is the 2SC+s phase, where the strange quarks pair with themselves, breaking strangeness/baryon number, in a color-spin locked phase whose gap and critical temperature are very small (43).
• At arbitrarily high densities, where the QCD gauge coupling is small, quark matter is always in the CFL phase with broken chiral symmetry. This is true independent of whether the "transition" to quark matter is continuous, or whether, as for larger m s , there are two first order transitions, from nuclear matter to the 2SC phase, and then to the CFL phase.
• Color-flavor locking survives for M 2 s 2 √ 2µ∆ (see below). Since the CFL state isQ-neutral, there are no electrons present in this phase (47) , so introducing electromagnetism makes no difference to it.
Additional features, beyond those required by symmetry considerations alone, have been suggested by Pisarski (48) , by analogy with scalar-gauge field theories.
Quark-hadron continuity
The pink region in Figure 4 is characterized by a definite global symmetry, SU (2)×[U (1)], but this can either be a hadronic (hyperonic) phase with unbroken isospin and electromagnetism, or a color-flavor locked quark matter phase with an isospin+color symmetry and a rotated electromagnetism that allows a linear combination of the photon and a gluon to remain massless. In other words, in this regime there is no symmetry difference between hyperonic matter and quark The most straightforward application of this idea is to relate the quark/gluon description of the spectrum to the hadron description of the spectrum in the CFL phase. (35) The conjectured mapping is given in Table 2 . Gluons in the CFL phase map to the octet of vector bosons; the Goldstone bosons associated with chiral symmetry breaking in the CFL phase map to the pions; and the quarks map onto baryons. Pairing occurs at the Fermi surfaces, and we therefore expect the gap parameters in the various quark channels to map to the gap parameters due to baryon pairing. 
In Table 3 we show how this works for the fermionic states in 2+1 flavor QCD. There are nine states in the quark matter phase. We show how they transform under the unbroken "isospin" of SU (2) color+V and their charges under the unbroken "rotated electromagnetism" generated byQ, as described in Section 4. Table 3 also shows the baryon octet, and their transformation properties under the symmetries of isospin and electromagnetism that are unbroken in sufficiently dense hadronic matter. Clearly there is a correspondence between the two sets of particles. 1 As µ increases, the spectrum described in Table 2 may evolve continuously even as the language used to describe it changes from baryons, SU (2) V and Q to quarks, SU (2) color+V andQ.
If the spectrum changes continuously, then in particular so must the gaps. As discussed above, the quarks pair into rotationally invariant,Q-neutral, SU (2) color+V singlets. The two doublets of Table 3 pair with each other, the triplet pairs with itself. Finally, the two singlets pair with themselves.
COLOR-FLAVOR UNLOCKING AND THE CRYSTALLINE COLOR SUPERCONDUCTING PHASE
A prominent feature of the zero temperature phase diagram Figure 4 is the "unlocking" phase transition between two-flavor pairing (2SC) and three-flavor pairing (CFL). At this phase transition, the Fermi momentum of free strange quarks is sufficiently different from that of the light quarks to disrupt pairing between them. Such transitions are expected to be a generic feature of quark matter in nature. In the absence of interactions, the requirements of weak equilibrium and charge neutrality cause all three flavors of quark to have different Fermi momenta. In the extreme case where all three flavors had very different chemical potentials, each flavor would have to self-pair (43, 49) , but in the phenomenologically interesting density range we expect a rich and complex phase structure for cold dense matter as a function of quark masses and density. The CFL ↔ 2SC transition of Figure 4 is one example. Assuming that no other intermediate phases are involved, we now give a model independent argument that the unlocking phase transition between the CFL and 2SC phases in Figure 4 must be first order. However, there is good reason to expect an intermediate state-the crystalline color superconducting state, and we go on to discuss it in some detail. Note that another crystalline phase, the "chiral crsytal" has also been proposed (50), although it is not yet clear whether there is any window of density where it is favored. For the paired state to be stable, it must be that the free energy gained from turning a strange quark into a light quark is less than the energy lost by breaking the Cooper pairs for the modes involved (47) .
The (un)locking transition
Here M s (µ) and M u (µ) are the constituent quark masses in the CFL phase, and M u (µ) M s (µ). An additional factor of 1/ √ 2 on the RHS of (11) can be obtained requiring the paired state to have lower free energy (47, 51, 52) . Equation (11) implies that arbitrarily small values of ∆ us are impossible, which means that the phase transition must be first-order: the gap cannot go continuously to zero. Such behavior has been found in calculations for unlocking phase transitions of this kind in electron superconductors (51) and nuclear superfluids (53) as well as QCD superconductors (38, 54, 55) .
The crystalline color superconducting phase
There is good reason to think that, in the region where the strange quark is just on the edge of decoupling from the light quarks, another form of pairing can occur. This is the "LOFF" state, first explored by Larkin and Ovchinnikov (56) and Fulde and Ferrell (57) in the context of electron superconductivity in the presence of magnetic impurities. They found that near the unpairing transition, it is favorable to form a state in which the Cooper pairs have nonzero momentum. This is favored because it gives rise to a region of phase space where each of the two quarks in a pair can be close to its Fermi surface, and such pairs can be created at low cost in free energy. Condensates of this sort spontaneously break translational and rotational invariance, leading to gaps which vary periodically in a crystalline pattern. The possible consequences for compact stars will be discussed in section 6.
In Ref. (52), the LOFF phase in QCD has been studied using a toy model in which the quarks interact via a four-fermion interaction with the quantum numbers of single gluon exchange. The model only considers pairing between u and d quarks, with µ d =μ + δµ and µ u =μ − δµ. For the rest of this section we will discuss properties of the model, but it is important to remember that in reality we expect a LOFF state wherever the difference between the Fermi momenta of any two quark flavors is near an unpairing transition, for example the unlocking phase transition between the 2SC and CFL phases.
The nature of LOFF pairing
Whereas the BCS state requires pairing between fermions with equal and opposite momenta, for some values of δµ it may be more favorable to form a condensate of Cooper pairs with nonzero total momentum. By pairing quarks with momenta which are not equal and opposite, some Cooper pairs are allowed to have both the up and down quarks on their respective Fermi surfaces even when δµ = 0. LOFF found that within a range of δµ a condensate of Cooper pairs with momenta k u = q+p and k d = q−p (see Figure 8 ) is favored over either the BCS condensate or the normal state. Here, our notation is such that p specifies a particular Cooper pair, while q is a fixed vector, the same for all pairs, which characterizes a given LOFF state. The magnitude |q| is determined by minimizing the free energy; the direction of q is chosen spontaneously. The resulting LOFF state breaks translational and rotational invariance. In position space, it describes a condensate which varies as a plane wave with wave vector 2q.
Results from a simplified model
In the LOFF state, each Cooper pair carries momentum 2q, so the condensate and gap parameter vary in space with wavelength π/|q|. In the range of δµ where the LOFF state is favored, |q| ≈ 1.2δµ. In Ref. (52), we simplify the calculation of the gap parameter by assuming that the condensate varies in space like a plane wave, leaving the determination of the crystal structure of the QCD LOFF phase to future work. We make an ansatz for the LOFF wave function, and by variation obtain a gap equation which allows us to solve for the gap parameter ∆ A , the free energy and the values of the diquark condensates which characterize the LOFF state at a given δµ and |q|. We then vary the momentum |q| of the ansatz, to find the preferred (lowest free energy) LOFF state at a given δµ, and compare the free energy of the LOFF state to that of the BCS state with which it competes. We show results for one choice of parameters in Figure 9 (a). In Figure 9 the average quark chemical potentialμ has been set to 0.4 GeV, corresponding to a baryon density of about 4 to 5 times that in nuclear matter. A crude estimate (52) suggests that in quark matter at this density, δµ ∼ 15 − 30 MeV depending on the value of the density-dependent effective strange quark mass.
We find that the LOFF state is favored for values of δµ which satisfy δµ 1 < δµ < δµ 2 as shown in Figure 9 (b), with δµ 1 /∆ 0 = 0.707 and δµ 2 /∆ 0 = 0.754 in the weak coupling limit ∆ 0 µ. (∆ 0 is the 2SC gap for δµ < δµ 1 , and one can use it to parametrize the strength of the four fermion interaction G: small ∆ 0 corresponds to a small G.) At weak coupling, the LOFF gap parameter decreases from 0.23∆ 0 at δµ = δµ 1 (where there is a first order BCS-LOFF phase transition) to zero at δµ = δµ 2 (where there is a second order LOFF-normal transition). Except for very close to δµ 2 , the critical temperature above which the LOFF state melts will be much higher than typical neutron star temperatures. At stronger coupling the LOFF gap parameter decreases relative to ∆ 0 and the window of δµ/∆ 0 within which the LOFF state is favored shrinks, as seen in Figure 9 (b).
General properties of the LOFF phase
The LOFF state is characterized by a gap parameter ∆ A and a diquark condensate, but not by an energy gap in the dispersion relation. Because the condensate breaks rotational invariance, the quasiparticle dispersion relations vary with the direction of the momentum, yielding gaps that vary from zero up to a maximum of ∆ A .
Near
so that in the normal phase Φ(r) = 0, while in the LOFF phase Φ(r) = Γ A e i2q·r .
(The gap parameter is related to the order parameter by ∆ A = GΓ A .) Expressing the order parameter in terms of its Fourier modesΦ(k), we write the LOFF free energy (relative to the normal state) as
For δµ > δµ 2 , all of the C 2 (k 2 ) are positive and the normal state is stable. Just below the critical point, all of the modesΦ(k) are stable except those on the sphere |k| = 2q 2 , where q 2 is the value of |q| at δµ 2 (so that q 2 1.2δµ 2 0.9∆ 0 at weak coupling). In general, many modes on this sphere can become nonzero, giving a condensate with a complex crystal structure. We consider the simplest case of a plane wave condensate where only the one modeΦ(k = 2q 2 ) = Γ A is nonvanishing. Dropping all other modes, we have
where a and b are positive constants. Finding the minimum-energy solution for δµ < δµ 2 , we obtain simple power-law relations for the condensate and the free energy:
These expressions agree well with the numerical results obtained by solving the gap equation (52) . The Ginzburg-Landau method does not specify the proportionality factors K Γ and K F , but analytical expressions for these coefficients can be obtained in the weak coupling limit by explicitly solving the gap equation (52, 58) . Notice that because (δµ 2 − δµ 1 )/δµ 2 is small, the power-law relations (15) are a good model of the system throughout the entire LOFF interval δµ 1 < δµ < δµ 2 where the LOFF phase is favored over the BCS phase. The Ginzburg-Landau expression (14) gives the free energy of the LOFF phase near δµ 2 , but it cannot be used to determine the location δµ 1 of the first-order phase transition where the LOFF window terminates, which requires a comparison of LOFF and BCS free energies.
COMPACT STAR PHENOMENOLOGY
Having described the interesting phenomena that we believe occur in cold quark matter, we now ask ourselves where in nature such phenomena might occur, and how we might see evidence of them.
The only place in the universe where we expect sufficiently high densities and low temperatures is compact stars, also known as "neutron stars", since it is often assumed that they are made primarily of neutrons (for a recent review, see (59)). A compact star is produced in a supernova. As the outer layers of the star are blown off into space, the core collapses into a very dense object. Typical compact stars have masses close to 1.4M , and are believed to have radii of order 10 km. The density ranges from around nuclear density near the surface to higher values further in, although uncertainty about the equation of state leaves us unsure of the value in the core.
During the supernova, the core collapses, and its gravitational energy heats it to temperatures of order 10 11 K (tens of MeV), but it cools rapidly by neutrino emission. Within a few minutes its internal temperature T drops to 10 9 K (100 keV), and reaches 10 7 K (1 keV) after a century. Neutrino cooling continues to dominate for the first million years of the life of the star. The effective temperature T e of the X-ray emissions is lower than the internal temperature: T e /10 6 K ≈ T/10 8 K (60).
Color superconductivity gives mass to excitations around the ground state: it opens up a gap at the quark Fermi surface, and makes the gluons massive. One would therefore expect its main consequences to relate to transport properties, such as mean free paths, conductivities and viscosities. The influence of color superconductivity on the equation of state is an O((∆/µ) 2 ) (few percent) effect, which is not phenomenologically interesting given the existing uncertainty in the equation of state at the relevant densities.
Cooling by neutrino emission
As mentioned above, for its first million or so years, a neutron star cools by neutrino emission. The temperature is obtained from X-ray spectra of isolated compact stars, and is subject to many uncertainties, including emissions from plasma around the star, and distortion of the spectrum by a possible hydrogen atmosphere. The age, inferred from the spindown rate by assuming magnetic dipole radiation from a constant dipole moment, may also have large systematic errors. Even so, a consistent picture emerges (60, 61) in which the youngest compact stars, about a thousand years old, have surface temperatures around 2 × 10 6 K (200 eV), falling to about 3 × 10 5 K (30 eV) after a million years.
The cooling rate is determined by the heat capacity and emissivity, both of which are dominated by quark modes whose energy is within T of the Fermi surface, and are therefore sensitive to the kind of gaps generated by color superconductivity (60) (61) (62) .
In the CFL phase, all quarks and gluons have gaps ∆ T , electrons are absent (47) , and the transport properties are dominated by the only true Goldstone excitation, the superfluid mode arising from the breaking of the exact baryon number symmetry. The next lightest modes are the pseudo-Goldstone bosons associated with chiral symmetry breaking, which will only participate when the temperature is above their mass, which is of order tens of MeV (63) . This means that CFL quark matter has a much smaller neutrino emissivity and heat capacity than nuclear matter, and hence the cooling of a neutron star is likely to be Alford dominated by the nuclear mantle rather than the CFL core (60) . A CFL core is therefore not detectable by cooling measurements.
We turn now to the 2SC quark matter phase, which occurs if the strange quarks are too heavy to pair with the light flavors. Up and down quarks of two of the colors (red and green, say) pair strongly with a gap much bigger than the temperature. This leaves the blue up and down, and the strange quarks (if present) with much more weakly attractive channels in which to pair. The strange quarks are believed to pair with each other in a "color-spin locked" condensate, with a gap of order hundreds of keV (43) or less (52) . The blue up and down quarks form J = 1 pairs, breaking rotational invariance (7), with a gap that was originally estimated to be in the keV range, but this estimate is not robust, and depends on details of the NJL model used (7) .
This leads to potentially interesting phenomenology, since the blue and/or strange quarks have small gaps, so during the early life of the compact star they may participate in the cooling dynamics as long as the temperature is greater than their gap. Their effects would be dramatic, allowing high rates of neutrino emission via direct URCA processes such as d → u + e +ν and u → d + e + + ν, and leading to rapid cooling of the core (60, 61) . The cooling would slow down suddenly when the temperature fell below the gap. Such a behavior would be observable, and if no sign of it is seen as our observations of neutron star temperatures improve then we will have to conclude that either 2SC matter does not occur, or the smallest gaps are larger than the observed temperatures.
The neutrino pulse at birth
We have seen above that in the first seconds of a supernova, the inner regions ("protoneutron star") are heated to tens of MeV by the gain a vast amount of energy from the gravitational collapse, and are consequently hot (tens of MeV). Over the next half-minute or so much of the energy is radiated off as neutrinos, whose detailed spectrum as a function of time is determined by the neutrino diffusion properties of the protoneutron star. Neutrinos from supernova 1987A were detected in terrestrial experiments, and the duration and mean energy of the pulse was measured. We can hope that neutrinos from future supernovae in our galaxy will be measured more precisely. It is therefore useful to study the effects of color superconductivity on neutrino diffusion, in order to see if it leads to any signature in the neutrino pulse.
Carter and Reddy (64) have performed a preliminary investigation of this question. They restricted themselves to two flavors, and studied the case where the core starts off as a hot quark-gluon plasma. Within seconds, thanks to neutrino emission, it cools into a superconducting phase, and they assumed that this occured via a second-order phase transition. This leads to a striking twostage signature: (1) near the critical temperature T c the heat capacity rises, and the cooling of the star consequently slows; (2) below the critical temperature, the quark modes are gapped, and the neutrino mean free path is enhanced by exp(∆/T ), reflecting Boltzmann suppression of the population of quark quasiparticles. As a result, the core may suddenly empty itself of neutrinos, creating a final neutrino burst. There may be further processing of this burst on its way out of the supernova, but the suggestion is that it may survive to yield a noticeable signal in neutrino detectors on earth. The suggestion, then, is that the flux of supernova neutrinos detected on earth will not taper off, but show a final burst followed by no flux. Before that, there may be a plateau in the energy or flux of the neutrinos, as the cooling slows near the critical temperature.
There are many issues that require further investigation. It is not clear whether a second-order phase transition is to be expected, since the up and down quark Fermi surfaces will differ, and there may be a first-order unlocking transition (55) . Also, it is necessary to take into account the strange quark, and the processing of emitted neutrinos by the layers of neutrino-opaque hadronic matter that surround the core during the supernova explosion. The term "r-mode" (short for "rotational mode") refers to a bulk flow in a rotating star that radiates away energy and angular momentum in the form of gravitational waves (Figure 10 ). If the rotation frequency f of the star is above a critical value f * , the system becomes unstable to r-modes and will quickly spin down until its frequency drops to f * , at which point the r-modes are damped out. The critical frequency depends on the sources of damping that could suppress the flows. These include shear and bulk viscosities, and also "surface rubbing"-the friction at the interface between the r-mode region and any rigid crust that cannot flow. Since the viscosities are sensitive functions of temperature, one calculates f * (T ) as an upper limit on rotation frequencies, and thereby maps out an excluded high-f region in the T -f plane. Differently constituted compact stars (neutrons, quarks with various gaps due to pairing) have different excluded regions, and one can see whether any of them are ruled out by the observation of pulsars in nature with rotation rates and temperatures in their excluded region.
r-mode instability
Madsen (65) has shown that gapless quark matter and neutron stars are not ruled out. However, color superconductivity creates gaps in the quark excitation spectrum, suppressing the viscosities by factors of order exp(−∆/T ), and encouraging r-mode spindown. He found that for a compact star made entirely of quark matter in the CFL phase, even a quark gap as small as ∆ = 1 MeV reduces f * (T ) dramatically to O(100 Hz) for temperatures below 10 9 K (100 keV). This means that millisecond pulsars, with frequencies up to 640 Hz, cannot be CFL quark matter stars, making it questionable whether any compact stars are made entirely of CFL quark matter. Madsen found that 2SC quark matter stars were on the edge of being ruled out, so he was not able to say anything about them, either positive or negative.
Madsen included the additional damping from surface rubbing between the quark matter and a normal matter crust. Using the conventional picture, this is a very small effect, since the crust is separated from the quark matter by an electrostatic cushion of electrons, and so surface rubbing made no difference to the result for pure CFL stars. Actually, since CFL matter is neutral (47) , it contains no electrons, so the cushioning mechanism may not be operative, and it is not clear that there is any such crust.
There are caveats to Madsen's conclusions. Firstly, the results are sensitive to the temperature of the inner regions of the star, which has to be inferred from the measured effective surface temperature using models of the heat flow, and is therefore not accurately known. However, this uncertainty is only important for unpaired or 2SC paired quark matter; pure CFL stars are ruled out for T e < 10 9 K (100 keV), which is already at the upper end of conceivable temperatures. Secondly, as he points out, his calculations do not rule out the generic picture of how quark matter occurs in compact stars, namely as a a quark matter core surrounded by a nuclear mantle. In this case substantial friction is expected at the core-mantle interface, and this may be enough (65, 66) to stabilize the star irrespective of the viscosities of the quark matter. Furthermore, quark matter may contain a shell of LOFF crystal (see below), and the r-modes could be damped at the edges of that region rather than at the crust. We can hope that future work on hybrid stars will clarify the situation.
Magnetic field decay
The behavior of magnetic fields in quark matter is quite different from that in nuclear matter (67, 68) . Nuclear matter is an electromagnetic superconductor (because of proton-proton pairing which breaks the U (1) Q gauge symmetry) and also a superfluid (because of neutron-neutron pairing). Magnetic fields are therefore restricted to Abrikosov flux tubes, and angular momentum is carried by rotational vortices. The magnetic flux tubes can be dragged about by the outward motion of the rotational vortices as the neutron star spins down (69) (70) (71) (72) (73) , and can also be pushed outward if the gap at the proton fermi surface increases with depth within the neutron star (74) . One therefore expects the magnetic field of an isolated pulsar to decay over billions of years as it spins down (70) (71) (72) (73) or perhaps more quickly (74) . However, there is no observational evidence for the decay of the magnetic field of an isolated pular over periods of billions of years (71, 75) .
A color superconductor, on the other hand, leaves unbroken a rotated electromagnetism U (1)Q, a mixture of photon and gluon, allowing long-rangeQmagnetic fields. This is true of the CFL phase, and also of the 2SC phase as long as the temperature is high enough so that the blue quarks do not pair.
The new unbroken rotated electromagnetic field AQ is just a linear combination of the photon A µ and one of the gluons G 8 µ ,
the orthogonal combination A X µ is massive. The mixing angle α 0 is the analogue of the Weinberg angle in electroweak theory, in which the presence of the Higgs condensate causes the hypercharge and W 3 gauge bosons to mix to form the photon, A µ , and the massive Z boson. sin(α 0 ) is proportional to e/g and turns out to be about 1/20 in the 2SC phase and 1/40 in the CFL phase (68) . This means that theQ-photon which propagates in color superconducting quark matter is mostly photon with only a small gluon admixture. If a color superconducting neutron star core is subjected to an ordinary magnetic field, it will either expel the X component of the flux or restrict it to flux tubes, but it admits the great majority of the flux in the form of a BQ magnetic field satisfying Maxwell's equations. The decay in time of this "free field" (i.e. not in flux tubes) is limited by theQ-conductivity of the quark matter.
The CFL phase contains no electrons, and all its charged modes are gapped, making it an electromagnetic insulator. The 2SC phase has electrons as well as blue quasiquarks, and turns out to be a very good conductor. Thus the 2SC and CFL phases, while both allowing long-rangeQ-flux fields, react very differently to attempts to change the magnetic field. The CFL phase allows such changes, but the 2SC, as a near-perfect conductor, generates eddy currents that oppose the change, locking the magnetic field into the core with a decay time of order 10 13 years (68) This means that a 2SC quark matter core within a neutron star can act as an "anchor" for the magnetic field, preventing the flux-tube-dragging mechanism that can operate in ordinary nuclear matter. Even though this distinction is a qualitative one, it will be difficult to confront it with data since what is observed is the total dipole moment of the neutron star. A color superconducting core can only anchor those magnetic flux lines which pass through the core, while in a neutron star with no quark matter core the entire internal magnetic field can decay over time. In both cases, however, the total dipole moment can change since the magnetic flux lines which do not pass through the core can move.
Glitches and the crystalline color superconductor
The crystalline LOFF phase has been discussed above. It occurs when two different types of quark have different Fermi momenta (because their masses or chemical potentials are different) and are just barely able to pair.
Such situations are likely to be generic in nature, where, because of the strange quark mass, combined with requirements of weak equilibrium and charge neutrality, all three flavors of quark in general have different chemical potentials. To date the LOFF condensate has only been studied in simplified two-flavor models, so it is not clear whether it can be expected to occur in compact stars. However, in the model a LOFF phase occured if the gap ∆ 0 which characterizes the uniform color superconductor present at smaller values of δµ was about 40 MeV (52) . This is in the middle of the range of present estimates of superconducting gaps. It is therefore worthwhile to consider the consequences. 
Glitches and vortex pinning
Glitches are sudden jumps in rotation frequency Ω of a pulsar, which may be as large as ∆Ω/Ω ∼ 10 −6 , but may also be several orders of magnitude smaller. The frequency of observed glitches is statistically consistent with the hypothesis that all radio pulsars experience glitches (76) . Glitches are thought to originate in the rigid neutron star crust, typically somewhat more than a kilometer thick, where rotational vortices in a neutron superfluid are pinned to the crystal structure of the crust. As the pulsar's spin gradually slows, the vortices must gradually move outwards since the rotation frequency of a superfluid is proportional to the density of vortices. Models (77) differ in important respects as to how the stress associated with pinned vortices is released in a glitch: for example, the vortices may break and rearrange the crust, or a cluster of vortices may suddenly overcome the pinning force and move macroscopically outward, with the sudden decrease in the angular momentum of the superfluid within the crust resulting in a sudden increase in angular momentum of the rigid crust itself and hence a glitch. All the models agree that the fundamental requirements are the presence of rotational vortices in a superfluid and the presence of a rigid structure which impedes the motion of vortices and which encompasses enough of the volume of the pulsar to contribute significantly to the total moment of inertia.
Henceforth, we suppose that the LOFF phase is a superfluid, which means that if it occurs within a pulsar it will be threaded by an array of rotational vortices. It is reasonable to expect that these vortices will be pinned in a LOFF crystal, in which the diquark condensate varies periodically in space. Indeed, one of the suggestions for how to look for a LOFF phase in terrestrial electron superconductors relies on the fact that the pinning of magnetic flux tubes (which, like the rotational vortices of interest to us, have normal cores) is expected to be much stronger in a LOFF phase than in a uniform BCS superconductor (78) . Note that the chiral crystal phase (50) is not a superfluid, so it will not contain rotational vortices.
Vortex pinning in the LOFF phase
A real calculation of the pinning force experienced by a vortex in a crystalline color superconductor must await the determination of the crystal structure of the LOFF phase. We can, however, attempt an order of magnitude estimate along the same lines as that done by Anderson and Itoh (79) for neutron vortices in the inner crust of a neutron star. In that context, this estimate has since been made quantitative (77, 80, 81) . For one specific choice of parameters (52), the resulting pinning force per unit length of vortex was estimated essentially by dimensional analysis at LOFF: f p ∼ (4 MeV)/(80 fm 2 ).
It is premature to compare such a crude result to the results of serious calculations (77, 80, 81) , but it is remarkable that they prove to be similar: the pinning force per unit length for neutron vortices in the inner crust is neutron star: f p ≈ (1 − 3 MeV)/(200 − 400 fm 2 ).
This raises the possibility that pulsars might be strange stars after all (82, 83) . Strange quark stars are made almost entirely of quark matter with either no hadronic matter content at all or perhaps a thin crust, of order one hundred meters thick, which contains no neutron superfluid (83, 84) . No successful models of glitches in the crust of a strange quark star have been proposed, indicating that pulsars are not strange stars (85) (86) (87) . The possibility of a shell of crystalline LOFF quark matter inside a quark star revives the possibility that glitches could occur in quark stars, as a result of the pinning of quark-superfluid vortices to the LOFF crystal.
CONCLUSIONS
The possibility of quark pairing and color superconductivity in high-density QCD in an intriguing one. We have learnt much about the rich structure of phases that it leads to, as outlined in sections 2 to 5 above. There are many directions that remain to be explored, from new pairing structures to detailed studies of the known 2SC, 2SC+s, CFL, and LOFF phases. It has even been suggested that zero-density QCD can be understood in terms of a quark-paired condensate in combination with an adjoint chiral condensate (88) .
The most pressing task, however, is to investigate the consequences of our findings for the phenomenology of neutron/quark stars, which are the only naturally occuring example of cold matter at the densities we have studied. The first steps in this directions have been described in section 6. Much theoretical work remains to be done before we can make sharp proposals for astrophysical observations that might teach us whether compact stars contain quark matter, and the nature of the quark pairing.
